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1. INTRODUCTION 
A generic plane curve is an immersed curve with a finite number of double points of 
transversal self-intersection. In the space of all C”-immersions S’ -+ R2, the complement 
to the set of all generic curves consists of three hypersurfaces [6,7]. They correspond to 
the three possible degenerations in generic l-parameter families of immersed curves. In 
such families there can appear either a curve with a triple point or a curve with one of 
two types of self-tangencies. A self-tangency can be either direct (when the two veloc- 
ity vectors at the self-tangency point have the same direction) or inverse (when they are 
opposite). 
In this paper we study invariants of oriented immersed plane curves without direct self- 
tangencies. The values of such invariants on isotopy classes of curves do not change during 
inverse-self-tangency and triple-point transformations. The first invariant of this kind was 
defined by Arnold [6,7] and called J+. That is why the whole theory of invariants that we 
consider is called J+-theory. 
Our main Theorems 7.3 and 7.4 give the description of finite-order complex-valued Vas- 
siliev type invariants in the Jf-theory. They turn out to be the same as in the theory of 
oriented framed knots in a solid torus (ST) [20]. To show this we go through the following 
steps. 
Invariants of regular plane curves without direct self-tangencies have a natural extension 
to curves with finitely many simple (quadratic) direct self-tangencies. The extension is done 
in the spirit of Vassiliev theory for knots by taking the difference of the values of an 
invariant u on the two resolutions of a self-tangency point (cf. [39,8- 10,251): 
It is not very difficult to see that the extensions are subject o the 2- and 4-term relations 
(see Fig. 1). 
When we raise plane curves to Legendrian curves in the solid torus ST*R2, the 4-term 
relations become the 4-term relations of the theory of knots in ST [20]. 
We have shown in [20] that the graded space of complex finite-order Vassiliev type 
invariants of oriented framed knots in ST is in a sense dual to the graded C-linear space 
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Fig. 1. Relations for extended invariants. 
& spanned by all marked chord diagrams on a circle modulo all marked 4-term relations. 
&’ is graded by the number of chords of a diagram. 
The nature of the marking is as follows. Consider an immersion of an oriented circle 
into ST with a finite number of double points. As usual, on the source circle, we connect 
the two preimages of a double point by the chord. The two-side marking of each chord 
is done by the classes of the images of the subtended halves of the oriented circle in 
nl(ST). We mark the whole circle with the fundamental class of its image. The sum of the 
two markings on a chord is the marking of the circle. With all the markings omitted, the 
marked 4-term relations are ordinary 4-term relations of the Vassiliev theory for knots in R3 
[39,9, 10,251. 
In the J+-theory we get the marked-chord-diagram interpretation completely parallel to 
that of framed knots in ST. Now, instead of drawing a chord that joins the two preimages 
of a double point of a singular knot, we join the two preimages of a point of direct self- 
tangency. The markings on a chord are the Whitney winding numbers of the corresponding 
halves of a plane curve. The marking of the circle is the winding number of the whole 
curve. 
Every marked chord diagram is the diagram of a plane curve. The singular knot in ST*R2 
which is the Legendrian lit? of a plane curve has the marked chord diagram which is exactly 
that of the underlying plane curve. The Legendrian lift of a plane curve has the canonical 
framing. 
The Whitney-Graustein theorem [43] and the “2-term-relation” move imply connected- 
ness of the set of immersed plane curves, whose direct self-tangencies are subject to a 
given marked chord diagram (Theorem 4.6). Thus the restriction of an extended invariant 
of order n to the set of plane curves with n quadratic direct self-tangencies is actually a 
function on the set of marked diagrams with n chords considered modulo the marked 4-term 
relation. 
So, the chord-diagram theories that appear in the Jf-theory and in the theory of ori- 
ented framed knots in ST are identical. In order to prove our main result, it remains 
to show that the order n graded part of the space of our extended complex invariants 
is isomorphic to the space of linear functions on the order n graded part of the space 
A. The required isomorphism is provided by the introduction of the universal Vassiliev- 
Kontsevich invariant for the Jf-theory. The universal invariant is defined rather straight- 
forwardly as induced, by the Legendrian lifting, from the universal invariant of framed knots 
in ST [20]. 
Remark 1.1. In a similar way one can show the coincidence of the spaces of complex- 
valued Vassiliev type invariants of finite order for two other settings. On one side of the 
equality there is the theory of oriented regular plane curves without self-tangencies (both 
direct and inverse). This is Arnold’s J&-theory [6,7]. On the other side we put oriented 
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framed knots in the solid torus PT*R2 which define even classes in the fundamental 
group. 
2. EXTENDED INVARIANTS 
Let 9 be the space of all C”-immersions of an oriented circle S’ to R2. In this paper, 
for the discriminant C c 9 we take the closure of the set of all the immersions which have 
one point of direct self-tangency. This is a hypersurface in 8. 
Dejnition 2.1. A self-tangency of a plane curve is called quadratic or simple if, by 
a local diffeomorphism of the plane, a local equation of the curve can be brought to the 
form y2=x? 
A regular 
point of the 
tangencies. 
point of C is an immersion with one simple direct self-tangency. A regular 
n-tuple self-intersection of C is an immersion with n simple direct self- 
Definition 2.2. An invariant of oriented immersed plane curves with no direct self- 
tangencies i  an element of HO(S\C) (with any coefficients). 
Dejnition 2.3. An extended invariant is the extension of an element of HO(g\C) to 
plane curves with a finite number of quadratic direct self-tangencies via the recurrence 
setting 
Here and below, all the equalities involving curves are actually relations between the 
values of some invariant on these curves. All the curves in such equalities coincide modulo 
the shown fragments. 
Our definition of an extended invariant corresponds to the following coorientation of the 
hypersurface C in 9 at its regular points. We call a small perturbation of the immersion 
which transforms the self-tangency into two transverse double points negative. Respectively, 
a perturbation which makes the two local branches disjoint is positive. So, the bifurcation of 
Fig. 2 is done in the positive direction. This coorientation is opposite to that used by Arnold 
[6,7]. But it is exactly the coorientation which is induced on C c 9, via the Legendrian 
lifting (see Section 7 below), from the usual coorientation of the subset of singular knots in 
the space of all mappings of S’ to R3 or ST*R2 [39,8-10,25,20]. 
I-X-31 
Fig. 2. Positive direct self-tangency bifurcation. 
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3. RELATIONS 
3.1. Two-term relation 
PROPOSITION 3.1. Any extended invariant satisfies the two-term relation: 
This relation shows that for an extended invariant it does not matter which of the two 
tangent branches is to, say, the left of the other. 
Proof of Proposition 3.1. The existence of the 2-term relation is due to the shape of 
a transversal section of C c 9 at a point which corresponds to an immersion that has a 
cubic tangency of two branches. The events in this two-dimensional transversal are shown in 
Fig. 3. The two-term relation is easily read from that figure by the use of the definition of 
an extended invariant. 0 
Fig. 3. The cubic self-tangency bifurcation implies the two-term relation. 
3.2. Four-term relations for plane curves 
Consider a triple direct self-tangency point: 
Each pair of the branches here has a quadratic tangency. 
Let us perturb the above curve fragment generating two simple self-tangency points in 
various ways. We compare the values of extended invariants on these perturbations. 
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PROPOSITION 3.2. Any extended invariant satisfies the four-term relations: 
Another way to express the 4-term relations for plane curves is as follows (cf. [8,25]). 
Let us fix two of the three branches at a triple self-tangency point. We slightly move the 
third branch making it tangent to those fixed at one of the four points 1,2,3,4: 
ix-2 
2 1 
Let C 1,. . . , C4 be the corresponding curves (recall Fig. 1). Then, for any extended in- 
variant u, 
4 
c 
(-l)‘u(q=o. 
,=l 
Proof of Proposition 3.2 (cf. [8,12]). Let us consider, for example, the difference of 
the first two lines of the claim. In Fig. 4, using the definition of an extended invariant, we 
*-*+?+-++= 
Fig. 4. Proof of the 4-term relation for plane curves. 
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express it in 8 terms. There we get 3 pairs of isotopic curves: 1st and 3rd, 2nd and 5th, 4th 
and 7th. The values of an invariant on the two remaining curves, 6th and 8th, are rewritten, 
after the second equality sign, using the definition once again. Now we have two isotopic 
curves and two other curves which can be transformed to one another by triple-point moves 
only. Thus the whole expression vanishes. 0 
Remark 3.3. Similar 2- and 4-term relations exist in the theory of invariants of immersed 
plane curves without any self-tangencies, both direct and inverse. They are valid for curves 
on any surface as well. 
4. CHORD DIAGRAMS AND THE STRATIFICATION OF THE DISCRIMINANT 
4.1. Marked chord diagrams of direct self-tangencies 
Dejinition 4.1. Consider an oriented circle with 2n distinct points on it that are split into 
n non-ordered pairs. A chord diagram is an equivalence class of such objects with respect 
to orientation preserving diffeomorphisms of the circle. 
We represent a chord diagram as a standard counter-clockwise oriented circle on a plane 
with the chords connecting the pairs of points. 
Definition 4.2. Mark the circle of a chord diagram with an integer number w. Mark 
each side of each chord with integers so that the sum of the two markings on a chord 
is w. A marked chord diagram is an equivalence class of such objects with respect to 
diffeomorphisms of the circle that preserve its orientation and all the markings. 
Now consider an oriented curve S’ + R* with a finite number of simple direct self- 
tangencies. We take, on the source circle, the pairs of the preimages of all the points of 
direct self-tangency. 
Dejnition 4.3. The chord diagram of this pairing is called the chord diagram of the 
plane curve. 
Such a diagram possesses a natural marking. Let us fix an orientation of the target plane. 
Any chord of the diagram cuts the circle into two arcs. Each of the arcs is mapped onto 
a closed C’-curve. Each of the two curves has its Whitney winding number [43,6,7]. We 
show this information on the chord diagram of the plane curve putting the two winding 
numbers on the sides of the corresponding chord (Fig. 5). The winding number of the image 
of an arc is put on the side facing this arc. 
We also mark the whole circle with the winding number of the whole curve. 
Definition 4.4. The obtained marked chord diagram is called the marked chord diagram 
of a plane curve. 
Fig. 5. A plane curve and its marked chord diagram. 
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4.2. Irreducibility of the strata of the discriminant 
Below we consider an analogue of the following obvious fact of knot theory [39]. Let 
A,, be the set of all oriented spatial curves that have exactly II non-self-tangent double points 
and no other singularities. We say that two curves from this set are related if it is possible to 
join them by a smooth homotopy that stays, almost all the time, in A, and, at the remaining 
finitely many moments, passes transversally through A,+,. The classes of related spatial 
curves are enumerated by the types of the chord diagrams of their double points. 
Now, in Jf-theory, let C, be the set of all immersed plane curves that have exactly 
n simple direct self-tangencies and all the other local singularities not very complicated. 
Namely, the complete list of local singularities allowed for curves from this set consists 
of transverse double points, triple points with pairwise transversal branches, inverse self- 
tangencies, third branches passing through any of the 12 direct self-tangencies transversally 
to the two tangent branches. 
Let CL be the set of all immersed plane curves with exactly one cubic and n - 1 quadratic 
direct self-tangencies, and with the other local singularities being only transverse double 
points. 
Dejinition 4.5. Two plane curves from the set C, are related if they can be connected 
by a smooth homotopy that stays, almost all the time, in C, and, at the remaining finitely 
many moments, passes through Cn+i U Ch in a generic way. 
A generic way to pass through Cn+i is to be transversal to this set. 
A generic way to pass through CA is to follow the discriminant in Fig. 3. Since the 
value of any extended invariant does not change during such a two-term-relation move, it is 
natural to allow this move to relate curves in P-theory. 
THEOREM 4.6. Two plane curves are related if and only if they have the same marked 
chord diagrams. 
ProoJ The “only if” part is obvious. So we are proving only the “if” one. We will 
homotop a plane curve %? with quadratic direct self-tangencies to some sort of a normal 
form represented in Fig. 6. 
Let us fix an arbitrary generic point A of the curve %’ as the initial point. We follow the 
curve in the direction of its orientation. Instantaneously generating extra self-tangencies and 
using the two-term-relation move (Fig. 7) we arrange all the direct self-tangencies so that 
the branch of the second-time visit is to the left of the branch of the first-time visit. 
-;: l+_____<I_____-I 
____---___-----___-.----___-----____.-- 
Fig. 6. Normal curve with direct self-tangencies. 
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Fig. 7. Switching of a self-tangency from one side of the first-time-visit branch to the other 
Fig. 8. Positive and negative curls. 
Then we start pulling the self-tangencies back to A along the curve. We do this in 
succession following our curve from the point A. We come to the first point of direct self- 
tangency and move it back close to A, by sliding the second-time visit along the unperturbed 
first-time-visit branch, so that there would be no self-intersection of the part of the curve 
between A and the first visit to the first self-tangency point. 
Then we go for the second direct self-tangency. If it is not the second visit to the 
point we dealt with on the previous step, we slide it back along the curve arranging no 
self-intersections on the part of the curve between the point A and the second direct self- 
tangency. 
We do this with all the first-time visits until we see that the next visit will be a second- 
time one. We make the part of the curve traced by now horizontal. This gives the interval 
AB of Fig. 6. 
Let DE AB be the self-tangency point to which we have to go from B with no inter- 
mediate visit to any other direct self-tangency. On the marked chord diagram of the initial 
curve %7, the points that are mapped now to D are connected by a chord. The marking 
on the side of this chord that faces the preimage of the loop DBD says that DBD should 
have a certain winding number CI. So, going from B to D, we have to make CI rotations. By 
the Whitney-Graustein theorem [43], keeping small neighbourhoods of B and D fixed, we 
can make a generic regular homotopy of the path from B to D to the U-shaped curly path 
(Fig. 6) which has the proper (defined by LX) number of small curls, either all positive or 
all negative (Fig. 8). 
Now we would like to return from D to a point E close to B (Fig. 6) so that the 
winding number of AE is zero. In order to do this, we introduce, shortly after leaving 
D for the second time, a series of negative-positive (or a series of positive-negative) pairs 
of curls (Fig. 9). We take a point G in the middle of this series and pull it to the position 
E of Fig. 6. Taking the curl series of the proper (again, defined by CC) length, we guarantee 
the winding number of BE to be zero. 
We continue with our pulling-out and walking-along-curly-paths normalization procedure 
until all the visits to all the self-tangecies are exhausted. Now we are at the point F of 
Fig. 6. By the Whitney-Graustein theorem, there exists a generic regular homotopy that 
brings the remaining part of our curve, from F to A, to the path of Fig. 6 with small curls 
(either all positive or all negative) along the dashed interval. The curls make the winding 
number of the normalized curve (that is the winding number of its part from F to A) equal 
to the winding number of the original curve V (that is the marking of the circle of the 
diagram). 
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Fig. 9. Insertion of a series of negative-positive pairs of curls. 
All the normalization homotopy can be done in a generic way, so that it relates %’ and 
the normal curve. 
A normalized curve depends on the choice of the initial point A. To get rid of this 
ambiguity and obtain a common normal form for all the curves with a given marked 
chord diagram, we fix the preimage of A on the marked diagram. The relative disposi- 
tion of the curly parts like BDE does not matter up to generic homotopies which we are 
considering. 0 
COROLLARY 4.7. Assignment of the marked chord diagram of its direct self-tangencies to 
a plane curve is a one-to-one correspondence between all the classes of related curves with 
n simple direct self-tangencies and all marked n-chord diagrams. 
Proof Indeed, every marked chord diagram is the marked chord diagram of an appro- 
priate normal curve. q 
5. INVARIANTS OF FINITE ORDER 
5.1. Order of an invariant 
Dejinition 5.1. An invariant of plane curves with no direct self-tangencies is of order 
not greater than n if its extension vanishes on all the curves with more than n points of 
direct self-tangency. 
The linear space of invariants of finite order has an increasing filtration by the subspaces 
U, of all the invariants of order not greater than n. 
Unlike the case of knots in the 3-space, the quotients U,,/Un_i are infinite-dimensional 
linear spaces. 
Example 5.2. Elements of Us are locally constant functions on connected components 
of the space of immersed plane curves. The components are enumerated by the Whitney 
winding number w E Z. 
Dejinition 5.3. An invariant of order n is an element of U,,\U,,_i. 
Example 5.4. Arnold’s invariant J+ [6,7], which takes the value -2 on any plane curve 
with one simple direct self-tangency, has order 1. 
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5.2. Symbols 
~e~nitiun 5.5. The symbol of m invariant of order n is its restriction to the set of curves 
with IZ points of quadratic direct self-tangency. 
PROPOSITION 5.6. The value of the symbol of an invariant of order n on a curve with 
n simple direct serf-tangencies depends only on the marked chord diagram of the curve. 
ProojI This follows from Theorem 4.6. 
Indeed, consider a homotopy that relates two curves which have n simple direct self- 
tangencies each and no other singularities except transverse double points. Then: 
(a) The value of our symbol does not change when we pass through the set C,+ t, since 
the invariant is of order less than n + I. 
(b) The value also does not change when we pass through the set Ch. This is due to the 
two-term relation. 
(c) Finally, the value of the symbol does not change when we pull a third branch 
through a point of direct self-tangency. To show this we resolve the self-tangency using 
the definition of the extension of an invariant. The resolutions of the before-the-bi~cation 
curve are homotopic to the corresponding resolutions of the after-the-bifurcation curve via 
triple-point moves only (cf. Fig. 4). 0 
Thus the value of a symbol on a marked chord diagram is well-defined, 
PROPOSITION 5.7. The values of symbols on marked chord diagrams are subject to the 
marked four-term relation: 
..$-y... :-e-... xc;“... :.-.‘. 
. ..‘..I 
y,, 
/Q,/’ “,i“_ ;j#i *...*, ‘j - < y = tliAj_‘) _ k__‘?j.r 
.’ 
. . . . ...” .,, . . . . ._,,.. .’ .. ._.___... ’ ‘,.., . . . . . . . .,,’ 
W W W W 
Here we indicate only partial markings that determine the complete ones. All the chords 
based on the solid arcs are shown, We do not show any chords based on the dotted arcs 
(those parts are assumed to be the same in all 4 diagrams). 
Proof of Proposition 5.7. This is an immediate implication of the four-term relations 
for extended invariants (Section 3.2) and of the observation that the sum of the winding 
numbers of the three subcurves into which a triple self-tangency point cuts a curve is the 
winding number of the whole curve, so that the partial marking on the corresponding chord 
triangle should be 
..p... 
;‘,.j,’ ’ \ 1 “,..,, 
\;-I _k+i. _$t -_ 
‘.._......’ 
.I’ 
W 
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6. VASSILIEV TYPE INVARIANTS OF ORIENTED FRAMED KNOTS IN A SOLID TORUS 
The relation of Proposition 5.7 is exactly the relation for symbols of Vassiliev type 
invariants for knots in a solid torus (ST) obtained in [20]. Since we are going to trace 
further analogy between J+-theory and framed knots in ST, we recall the main constructions 
of [20]. 
6.1. The invariants 
An oriented non-singular framed knot K in ST is a smoothly embedded oriented circle 
equipped with a smooth section v of the bundle TK(ST) induced from the tangent bundle of 
ST. The field v is assumed to be nowhere tangent to K. 
By a singular knot we mean an immersed circle that has a finite number of double points 
with non-tangent branches and no other singularities. Its framing is, in general, double-valued 
at the double points. 
As in the theory of knots in R3, an isotopy invariant of non-singular (framed) knots in 
a solid torus possesses the recursive extension to singular (framed) knots: 
An invariant is said to be of order not greater than n if it vanishes on any knot with 
more than n double points. 
The definition of the symbol of an invariant of finite order is obvious. 
The definition of the marked chord diagram of a singular knot in ST was mentioned in 
the Introduction. Every marked chord diagram is the marked chord diagram of a singular 
knot. 
The value of the symbol of an order n invariant on a framed knot with n double points 
depends only on the marked chord diagram of the knot. 
The values of a symbol on singular knots in ST are subject to the marked 4-term relation 
of Proposition 5.7. For C-valued invariants of oriented framed knots, this relation turns out 
to be the only restriction on the symbols. 
Namely, consider the set of all marked n-chord diagrams. Let ._Hn be the space of all 
formal complex linear combinations of finitely many elements of this set modulo the marked 
4-term relation (that is the relation of Proposition 5.7 for diagrams themselves rather than 
functions on them). Let JZ~ be the space of C-linear functions on Jz’,,. 
We denote by W, the linear space of order less than n + 1 complex-valued invariants of 
oriented framed knots in ST. 
The main result of [20] is 
THEOREM 6.1. W,/W,_, =A:. 
The marked 4-term relation for symbols identifies WJ W,_ I as a subspace of .&z. As 
in [25,9], the equality is provided by the introduction of the universal Vassiliev-Kontsevich 
invariant. 
6.2. The universal Vassiliev-Kontsevich invariant for framed knots in a solid torus 
The approach of [20] is distinct from that by Le and Murakami [26,27] and covers more 
general situation. 
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We represent ST as the direct product C x S’ with the complex coordinate z and the 
angular coordinate B mod 27~. 
We say that a knot in ST is a Morse knot if 8 is a Morse Iimction on it. 
Let K be an oriented non-singular framed Morse knot in ST. 
(A) For small a>O, we shift K in the direction of its framing 0: 
(4 0) i--+ (Z, 0) + Et’@, @). 
We denote by K, the result of the shift. For all sufficiently small 
not intersect K. 
E, K, is a knot that does 
(B) In order to have a good definition of a chord diagram later on, we make an adjustment 
of the link KU KC. Near a local maximum of the function 8 on K, 0 has the local maximum 
on KE as well. We take the lowest of the two critical levels and remove the small arc of 
KU K, that is locally above this level. In the similar way, we remove the small arc that is 
locally below the highest of the two critical levels near a local minimum of 8 on K. After 
the surgery at all the local extrema, we remain with the subsets g c K and kE c K,. 
The shift along the framing provides the one-to-one correspondence between the sets 
of intervals of monotonici~ of the fiction 0 on K and KS. For each non-c~tical point 
(z/,0) E ge this correspondence uniquely defines its neighbour (z”,@ EE on the same 
Q-level. 
(C) Now we take n different non-critical levels 0 < 8, < 02 c . . . < 8, < 27~. In each section 
0 = 6” of k U&, we choose an ordered pair of points (+,zj) = (q,.$)(t$) E k x g8. Let P be 
a set of n such pairs, one pair per level. 
The set P defines the marked n-chord diagram as follows (see Fig. 10). 
In each pair we substitute ,$ E gE by its neighbour 4’ E k. The knot K is the image of 
an immersion of an oriented circle that we take to be a standard counter-clockwise oriented 
circle on the plane. If zj #zj’, we join the preimages of the points zi and 4’ on the source 
circle by the chord. The chord has the two-side marking by the fundamental classes of 
the two loops obtained by a homotopy of K in ST that glues together q and .z$’ and is the 
identity outside a small neighbourhood of the section 19 = 0,. We assume here that a generator 
of 7ti(ST) = Z is fixed. Say, it goes once around the torus in the direction of increase of 8. 
If zj =zy, we draw a small chord between two arbitrary points on the circle that are very 
close to the preimage of z_. We mark the side of the chord facing the small arc with 0 and 
its other side with the class of K in nt(ST). 
The whole circle is marked with the class of K in wr(ST) as well. 
Fig. 10. The pairing on the knot with the blackbo~d framing and its marked chord diagram. 
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We denote by D(P) the equivalence class of the obtained marked chord diagram in the 
C-linear space An. 
(D) We introduce: 
Dejinition 6.2. 
1 
Z#QY,) = - 
(27ti)” s c 0<&<&<,..<&<2n Pz((r,,z,,)(@,)) (-I)” /2 “z I;fD(P)t&, j=l J J 
where P runs through all possible pairings on k U gE and Pl is the number of points in the 
n pairs at which the function 8 is decreasing along K UK,. 
Dejinition 6.3. Z,f(K) = lim,,o Zn(K,KE). 
THEOREM 6.4 (Goryunov [20], cf. Kontsevich [25]). 
(i) The limit that defines Z,f(K) is jinite. 
(ii) Z,f(K) is invariant under the homotopy in the class of framed Morse knots. 
(iii) Z;(K) is an invariant of order less than n + 1. 
We set 
Zf(K) = c Z;(K) E ,n;e, 
IlBO 
where A-= n,~o~,,. 
(E) The space A = $, ao A?,, contains a subspace d spanned by the diagrams with 
all the markings vanishing. d is an algebra with respect to the connected sum opera- 
tion. It is isomorphic to the algebra of non-marked chord diagrams modulo the non-marked 
4-term relation [25,9]. The connected summation provides an d-module structure on the 
space .A! [20]. 
Let % be the curve 
0 
!.- Re z @I 
equipped with the framing v=(~~,v~)=(i,O). The curve lies in a sector of the annulus 
Imz = 0 of the solid torus C x Si . 
The series Zf(@) E d = fl,,, dn is invertible since it starts with 1 E do. 
Let c be the number of critical points of the function 8 on a framed knot K. 
Dejnition 6.5. The element 
Zf(~)=zf(K) ~zf(e)'-c'~~Z 
is called the universal Vassiliev-Kontsevich invariant of a framed Morse knot K in the solid 
torus. 
Example 6.6. Let w E di be the one-chord diagram with all three marks zero. Consider 
an unknot with the framing that makes one positive rotation around it. The value of Zf on 
such unknot in ST is exp(o). 
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THEOREM 4.7 (Goryunov [20], cf. Kontsevich [25]). For any framed Morse knot 1”; 
zf (K) deters only on the topola~i~a~ type of K and its framing. 
Theorem 6.7 implies Theorem 6.1. 
The degree 12 component z{(K) E .4!, of ,??f(K) is an invariant of order less than n + 1. 
7. DESCR~~ION OF THE SPACE OF FINITE ORDER ~NVARIANTS IN f+-THEORY 
7.1. The universal Vassiliev-Kontsevich invariant of plane curves without direct 
self--tangencies 
We induce the universal invariant for J+-theory from that for framed knots in the solid 
torus via the Legendrian lift. 
Consider a parame~ization g :S’ +R2 of an oriented regular curve %’ on an oriented 
plane. It defines the parametrization of the oriented regular curve @ in the solid torus 
ST*R2=R2 xS': 
B : s b--+ (g(s), v(s)). 
Here v(s) is the unit vector normal to the velocity U(S) of the curve V at the point g(f), 
such that the frame {v(s), U(S)} is positive on the plane. ST*R2 is identified here with STR2 
via a choice of a metric. 
The curve 6 E R2 x S’ has the canonical framing 
Q(S) = (v(s), 0). 
Assume a curve %? has no direct self-tangencies and the derivative of its curvature does not 
vanish at its inflection points. Then @ is a Morse knot in the solid torus ST*R2 = R2 x S' = 
c xs'. 
~e~nit~o~ 7.1. Tfie universal ~~S~i~ie~K~~t~euieh invariu~t z”(%‘) of the plane curve 
$? is the universal invariant zf(%?) E x of its canonically framed Legendrian lift @ in 
ST*R2. 
THEOREM 7.2. The element zJJ+(U) E A- does not change during any generic regzdar 
homotopy of the curve %? which does not involve direct set-tangency tra~form~tion~. 
ProoJ: This is the direct corollary of Theorem 6.7, since such homotopy lifts to the 
isotopy of the framed Legendrian knot c in the solid torus. q 
7.2. The main theo~erns 
We return to the spaces U, of order less than n + 1 invariants of regular plane curves 
without direct self-tangencies. We assume now the invariants to be complex-valued. 
THEOREM 7.3. UJU,_I = A?‘:, 
ProojY Proposition 5.7 embeds the quotient into AZ. 
Due to Theorem 7.2, to prove the equality it is sufficient, as in [9], to show that any 
marked n-chord diagram D appears as the lowest order term in the universal invariant of an 
appropriate plane curve. 
As in [9], consider any oriented plane curve $3 whose marked chord diagram is D. Let 
pi,. . . , pn be the points of direct self-tangency of ~3. Consider 2” curves g6, (I = (bl, . . . , CT,), 
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Fig. I 1. The Legendrian lift of the positive direct self-tangency move of plane curves is the positive change-crossing 
move of curves in the solid torus. 
OJ = 0, 1, obtained from 9 by resolution of the direct self-tangencies (recall Section 2): the 
resolution of the point PJ is positive if OJ = 0 and negative if OJ = 1. Set 101 = ~1 + . . . + on. 
All the gc coincide with 9 outside small neighbourhoods of the points pi. 
According to the definitions 
?+(5B)= c(-1)1”‘?+(@& C(-1)1”~ZJ(&). 
d 0 
We orient the solid torus ST*R2 = R2 x S’ by the frame {positive frame of the plane, 
positive direction of rotation on the plane}. The Legendrian lift of a positive (respectively 
negative) resolution of a direct self-tangency is a positive (respectively negative) resolution 
of the double point of the singular knot in ST*R2 (Fig. 11). The marked chord diagram of 
the singular framed knot & E ST*R* is the marked chord diagram of the plane curve 9. So, 
as in [9,20], we get 
,?+(g) = c (-l)~‘l~f(&,) =_?!J(g) = 2”D + higher order terms. 0 
Comparing Theorems 6.1 and 7.3 and using the above discussion, we obtain: 
THEOREM 7.4. The graded spaces of finite order complex-valued invariants of oriented 
framed knots in a solid torus and of oriented regular plane curves without direct self- 
tangencies are isomorphic. The isomorphism is provided by the Legendrian lift of plane 
curves to the solid torus ST*R2. 
Remark 7.5. Similar to [lo], coefficients of the polynomial invariants of knots in ST [36] 
are in a sense finite order invariants [20]. The Legendrian lift induces these polynomials to 
the .I+-theories of plane curves and wave fronts. Coefficients of the induced polynomials, 
properly understood, are finite order invariants as well [ 131. 
Remark 7.6. The 4-term relation for Vassiliev type invariants of knots in 3-manifolds 
comes from the bifurcations of a triple point on a singular knot. The 4-term relation for 
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Fig. 12. Bifurcation diagrams of a triple point of a space curve and of a triple self-tangency of a plane curve. 
invariants of curves on surfaces comes from the bifurcations of a triple self-tangency point. 
Both relations are locally isomorphic, In Fig. 12 we show the bifurcation diagrams (that is 
germs of generic sections of the corresponding discriminants in the corresponding spaces of 
mappings) of the two degenerations. The diagrams are not diffeomorphic, but the stratifica- 
tions of the parameter spaces do have a lot in common. 
7.3. Recent progress in the area 
By February 1997, when this paper was accepted for publication, the study of invariants 
of plane curves and Legendrian knots has attracted attention of many authors. 
0. Viro introduced integral formulas for the three Arnold’s plane curve invariants and 
generalised them to curves on surfaces [42]. 
A lot of work has been done by Polyak [3 l-331 and Shumakovitch [34,35] who, for 
example, applied Turaev’s theory of shadows [37,38] to plane curves and fronts. 
Just recently A. Merkov announced that plane curves and ornaments (see [40,41]) are 
classified by finite type invariants [30]. This was based on his previous work [29]. 
Fuchs and Tabachnikov [ 181 have shown that, in the standard contact 3-space, any two 
Legendrian knots having the same framed knot type and the same Bemrequin number cannot 
be distinguished by a finite type invariant. Similar result, for the standard solid torus, was 
proved by Hill who applied the results of the present paper and [20] to construct a chord- 
diagram theory for finite type invariants of Legendrian knots in the solid torus [23,24]. 
Restrictions of the classical knot polynomials to Legendrian knots have been rewritten in 
terms of the fronts providing new estimates on the Bennequin invariant [16, 14, 151. 
Papers [21,22] have started the study of finite type invariants of mappings of surfaces 
into the 3-space. 
From other related works I would like to mention papers by Aicardi [l-5], Burri [ 111, 
Ferrand [17], and Lin and Wang [28]. 
The main results of the present paper and [20] were announced in [19]. 
Acknowledgements-This work was supported by an RDF grant of The University of Liverpool. I am thankful to 
Sergei Chmutov for very useful discussions. 
REFERENCES 
1. F. Aicardi: Tree-like curves, Adv. Sov. Math. 21 (1994), l-31. 
2. F. Aicardi: Topological invariants of knots and framed knots in the solid torus, C. R. Acad Sci. Paris 321 
(1995), Serie I, 81-86. 
3. F. Aicardi: Topological invariants of Legendrian curves, C. R. Acad. Sci. Paris 321 (1995), Serie I, 199-204. 
4. F. Aicardi: Discriminants and local invariants of planar fronts, in Arnold-Gelfand Mathematical Seminars. 
Geometry and Singularity Theory, V. I. Arnold and I. M. Gelfand, Eds., Birkhiiuser, 1996, pp. l-76. 
VASSILIEV TYPE INVARIANTS IN ARNOLD’S J+-THEORY 619 
5. F. Aicardi: Invariant polynomial of knots and framed knots in the solid torus and its applications to wave fronts 
and Legendrian knots, J. Knot Theory Ramifications 5 (1996), 143-118. 
6. V. I. Arnold: Plane curves, their invariants, perestroikas and classifications, Adu. Sov. Math. 21 (1994), 33-91. 
7. V. I. Arnold: Topological invariants of plane curves and caustiques, University Lecture Notes 5, AMS, 
Providence, RI ( 1994). 
8. V. I. Arnold: Vassiliev’s theory of discriminants and knots, in Proc. First European Cong. of Mathematics. 
Paris. July 1992, Vol. 1, Progress in Mathematics 119 (1993), Birkhiiuser, Base& pp. 3-28. 
9. D. B. Natan: On the Vassiliev knot invariants, Topology 34 (1995), 423-472. 
10. J. Birman and X.-S. Lin: Knot polynomials and Vassiliev type invariants, Invent. Math. 111 (1993), 225-270. 
11. U. Burri: For a fixed Turaev shadow Jones’ Vassiliev invariants depend polynomially on the gleams, 
Commentarii Mathematici Helvetici 12 (1997), 1 lO- 127. 
12. S. V. Chmutov and S. V. Duzhin: An upper bound for the number of Vassiliev knot invariants, J. Knot Theory 
RamiJications 3 (1994), 141-151. 
13. S. V. Chmutov and V. V. Goryunov: Kauffman bracket of plane curves, Comm. Math. Phys. 182 (1996), 
83-103. 
14. S. V. Chmutov and V. V. Goryunov: Polynomial invariants of Legendrian links and their fronts, in Proc. of 
Knots 96, S. Suzuki, Ed., World Scientific, Singapore a.o. (1997), pp. 239-256. 
15. S. V. Chmutov and V. V. Goryunov: Polynomial invariants of Legendrian links and wave fronts, AMS Trawl. 
(2) 180 (1997), AMS, Providence, RI, 2544. 
16. S. V. Chmutov, V. V. Goryunov and H. Murakami: Regular Legendrian knots and the HOMFLY polynomial 
of immersed plane curves, preprint 4-96 (1996), The University of Liverpool. 
17. E. Ferrand: On the Bennequin invariant and the geometry of wave fronts, Geometriae Dedicata 65 (1997), 
219-245. 
18. D. Fuchs and S. Tabachnikov: Invariants of Legendrian and transverse knots in the standard contact space, 
Topology 36 (1997), 1025-1053. 
19. V. V. Goryunov: Finite order invariants of framed knots in a solid torus and in Arnold’s J+-theory of plane 
curves, in Lecture Notes in Pure and Applied Mathematics 184 (1997), Geometry and Physics. J. E. Andersen, 
J. DuPont, H. Pedersen, A. Swann, Eds., Marcel Dekker, New York, pp. 549-556. 
20. V. V. Goryunov: Vassiliev invariants of knots in R3 and in a solid torus, to appear in AMS Transl. (2), AMS, 
Providence, RI. 
21. V. V. Goryunov: Local invariants of mappings of oriented surfaces into three-space, C. R. Acad Sci. Parts 
323 (1996), S&ie I, 281-286. 
22. V. V. Goryunov: Local invariants of mappings of surfaces into three-space, in Arnold-Gelfand Mathematical 
Seminars. Geometry and Singularity Theory, V. I. Arnold and I. M. Gelfand, Eds., Birkhiiuser (1996), pp. 
223-255. 
23. J. W. Hill: Vassiliev-type invariants of planar fronts without dangerous self-tangencies, C. R Acad. Sci. Paris 
324, (1997), Sirie I, 537-542. 
24. J. W. Hill: Vassiliev-type invariants in J+-theory of planar fronts without dangerous self-tangencies, preprint 
(1995), The University of Liverpool. 
25. M. Kontsevich: Vassiliev’s knot invariants, Adv. Sov. Math. 16 (1993), part 2, 137-150. 
26. T. Q. T. Li and J. Murakami: Representation of the category of tangles by Kontsevich’s iterated integral, 
Comm. Math. Phys. 168 (1995), 535-562. 
27. T. Q. T. Ld and J. Murakami: The universal Vassiliev-Kontsevich invariant for framed oriented links, preprint 
(1994), Max-Planck-Institut fiir Mathematik, Bonn. 
28. X.-S. Lin and Z. Wang: Integral geometry of plane curves and knot invariants, J. Differential Geom. 44 (1996), 
74-95. 
29. A. Merkov: Finite order invariants of ornaments, preprint (1996), Moscow. 
30. A. Merkov: Finite order invariants classify doodles and plane curves, preprint (1996), Moscow. 
3 1. M. Polyak: Invariants of curves and fronts via Gauss diagrams, preprint MPI/94-116 ( 1994), Max-Plank-Institut 
fiir Mathematik, Bonn, to appear in Topology. 
32. M. Polyak: On the Bennequin invariant of Legendrian curves and its quantization, C. R. Acad. Sci. Paris 322 
(1996) S&e I, 77-82. 
33. M. Polyak: Shadows of Legendrian links and J-theory of curves, to appear in The Proceedings of the 
Conference dedicated to E. Brieskorn’s 60th birthday, Birkhluser. 
34. A. Shumakovitch: Explicit formulas for strangeness of plane curves, Algebra i Analiz 7 (3) (1995), 165-199; 
English translation in St. Peterburg Math. J. 7 (3) (1996), 445-472. 
35. A. Shumakovitch: On strangeness of curves and wave fronts, preprint (1996), Uppsala University. 
36. V. G. Turaev: The Conway and Kauffman modules of the solid torus with an appendix on the operator invariants 
of a tangle, LOMI preprint E-6-88 (1998), Leningrad. 
37. V. G. Turaev: Shadow links and face models of statistical mechanics, J. Dzjerential Geom. 36 (1992), 35-74. 
38. V. G. Turaev: Quantum invariants of knots and 3-manifolds, de Gruyter Studies in Mathematics 18, Walter 
de Gruyter, Berlin, (1994). 
39. V. A. Vassiliev: Cohomology of knot spaces, Adv. Sov. Math. 1 (1990), 23-69. 
620 V. Goryunov 
40. V. A. Vassiliev: Invariants of ornaments, Adu. Sou. Math. 21 (1994), 225-262. 
41. V. A. Vassiliev: Complements of discriminants of smooth maps: Topology and applications, Revised edition, 
Translations of Math. Monographs 98 (1994), AMS, Providence, RI. 
42. 0. Ya. Viro: Generic immersions of the circle to surfaces and complex topology of real algebraic curves, AMS 
Trawl. (2) 173 (1996), AMS, Providence, RI, pp. 231-252. 
43. H. Whitney: On regular closed curves in the plane, Comp. Math. 4 (1937), 276-284. 
Department of Pure Mathematics 
The University of Liverpool 
Liverpool L69 3BX 
U.K. 
